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ON THE BIREGULAR GEOMETRY OF THE FULTON-MACPHERSON
COMPACTIFICATION
ALEX MASSARENTI
Abstract. Let X[n] be the Fulton-MacPherson compactification of the configuration
space of n ordered points on a smooth projective variety X. We prove that if either n 6= 2
or dim(X) ≥ 2, then the connected component of the identity of Aut(X[n]) is isomorphic
to the connected component of the identity of Aut(X). When X = C is a curve of genus
g(C) 6= 1 we classify the dominant morphisms C[n]→ C[r], and thanks to this we manage
to compute the whole automorphism group of C[n], namely Aut(C[n]) ∼= Sn×Aut(C) for
any n 6= 2, while Aut(C[2]) ∼= S2 ⋉ (Aut(C) × Aut(C)). Furthermore, we extend these
results on the automorphisms to the case where X = C1× ...×Cr is a product of curves of
genus g(Ci) ≥ 2. Finally, using the techniques developed to deal with Fulton-MacPherson
spaces, we study the automorphism groups of some Kontsevich moduli spacesM0,n(PN , d).
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Introduction
The search for a natural compactification of the configuration space of n distinct ordered
points in a smooth algebraic variety X has been a long-standing problem in algebraic ge-
ometry. In [FM94] W. Fulton and R. MacPherson constructed such compactification X[n]
from the Cartesian product Xn by a sequence of blow-ups. For instance, when n = 2 the
Fulton-MacPherson compactification X[2] is the blow-up ofX×X along the diagonal, which
has been the natural candidate since the nineteenth century. By [FM94] X[n] is a smooth,
irreducible variety.
Since then the compactification X[n] has been widely studied and generalized by means
of the theory of wonderful compactifications [CP95], [Li09], [MP98]. Indeed, X[n] is the
wonderful compactification of the set of all diagonals in Xn.
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2 ALEX MASSARENTI
The Fulton-MacPherson compactification C[n] of the configuration space of n ordered
points in a smooth projective curve C is closely related to the Deligne-Mumford compacti-
fication Mg,n of the moduli space of smooth curves of genus g with n-marked points.
Indeed, by [KM11] M0,n is the GIT quotient P1[n]//PGL(2) with respect to a suitable
linearization, and its birational geometry is closely related to the geometry of P1[n] [HK00,
Section 3], while if g(C) ≥ 3 then C[n] appears as the general fiber of the forgetful morphism
Mg,n → Mg. Furthermore, using the moduli spaces of weighted pointed curves introduced
by B. Hassett by adding rational weights to the markings in [Has03], Y. H. Kiem and H. B.
Moon realized new compactifications of the configuration space of n distinct points on P1
in [KM11].
Moreover, P1[n] is related to another important class of moduli spaces, namely the Kont-
sevich moduli spaces parametrizing stable maps introduced by M. Kontsevich in [Kon95].
These spaces are denoted byMg,n(X,β) where X is a projective scheme and β ∈ H2(X,Z)
is the homology class of a curve in X. A point in Mg,n(X,β) corresponds to a holomorphic
map α from an n-pointed genus g curve C toX such that α∗([C]) = β. IfX is a homogeneous
variety then there exists a smooth, irreducible Deligne-Mumford stack M0,n(X,β) whose
coarse moduli space is M0,n(X,β) [FP97].
We will deal mainly with the case X = PN , the class β is then completely determined
by its degree and we will write β = d[L], where [L] is the class of a line in PN . The
space M0,n(PN , d) admits n evaluation maps evi : M0,n(PN , d) → PN associating to a
stable map its value on the i-th marked point. Furthermore, when d = N = 1 the birational
morphism ev1×...×evn :M0,n(P1, 1)→ (P1)n realizesM0,n(P1, 1) as the Fulton-MacPherson
compactification P1[n].
The Picard group of M0,n(PN , d) was computed by R. Pandharipande in [Pan99], and
the cones of divisors of M0,n(PN , d) have been carefully analyzed by I. Coskun, J. Harris
and J. Starr in [CHS09]. In Section 2, thanks to their description of Pic(P1[n]), we manage
to classify base point free pencils on P1[n] ∼= M0,n(P1, 1). The first step of our argument
consists in analyzing the birational and the projective geometry of P1[3]. This is a Fano
variety obtained by blowing-up the small diagonal in P1 × P1 × P1, or equivalently three
skew lines in P3.
In particular, it is a Mori Dream Space so that its effective and nef cones are polyhedral,
and we manage to compute its Mori cone. On the other hand, by [CT15, Corollary 1.4] we
know that M0,n is not a Mori Dream Space for n big enough. Since as soon as n ≥ 3 there
is a dominant morphism ρ : P1[n]→M0,n, forgetting the map, [Oka16, Theorem 1.1] yields
that P1[n] is not a Mori Dream Space for n sufficiently big as well.
Nevertheless, the analysis of base point free pencils on P1[3] will be the first step of an
inductive argument that will lead us to the classification of dominant morphisms P1[n] →
P1[r] in Sections 2 and 3.
There are several natural morphisms P1[n] → P1, namely the evaluation morphisms
mentioned above, the forgetful morphisms πI : P1[n]→ P1[1] ∼= P1 forgetting the n−1 points
labeled by the set I, and the morphisms πJ ◦ρ : P1[n]→M0,4 ∼= P1, where ρ : P1[n]→M0,n
forgets the map, and πJ :M0,n →M 0,4 forgets the n− 4 points labeled by the set J . Note
that by Remark 2.7 the evaluation map evi may be identified with the forgetful morphism
πI , with I = {1, ..., n} \ {i}. We call modular base point free pencils the linear systems
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associated to these morphisms, see Definition 2.8.
Furthermore, if X is an arbitrary smooth variety there are forgetful morphisms πI : X[n]→
X[r] forgetting n − r of the points, these are just the liftings of the projections Xn → Xr
to the blow-ups.
The main results on fibrations in Propositions 2.13, 3.1, 3.7, Theorem 3.4, and Corollary
3.5 can be summarized with the following statement:
Theorem 1. Let ψ : P1[n] → P1[r1] × ... × P1[rk] be a dominant morphism. If ri ≥ 3 for
some i = 1, ..., k we assume in addition that ψ has connected fibers. Then ψ factors through
a product of forgetful morphisms of type πI and πJ ◦ ρ. Finally, if ri ≥ 3 for any i = 1, ..., k
then ψ factors through a product of forgetful morphisms of type πI only.
Let C be a smooth projective curve of genus g(C) ≥ 2, and ψ : C[n]→ C[r1]× ...×C[rk] be
a dominant morphism. As before, if ri ≥ 3 for some i = 1, ..., k we assume in addition that
ψ has connected fibers. Then ψ factors through a product of forgetful morphisms.
Note that for curves of genus one, or more generally for abelian varieties Theorem 1 does
not hold. Indeed, if A is an abelian variety the multiplication map A × A → A does not
factor through one of the projections.
In Section 4 we study the automorphism groups of X[n] and of some Kontsevich moduli
spaces M0,n(PN , d). In several cases, automorphisms of moduli spaces tend to be modular,
in the sense that they can be described in terms of the objects parametrized by the moduli
spaces themselves. Questions of this type have been addressed by several authors in a series
of papers, see for instance [BM13], [Mas14], [Lin04], [Lin11], [Roy71], [GKM02], [KM13],
[Far09] for moduli spaces of pointed curves, [AP16] for the tropical counterpart of [BM13],
[BGM13] for moduli spaces of vector bundles over a curve, and [BM16] for generalized quot
schemes. We confirm this behavior also for Fulton-MacPherson, and for some Kontsevich
moduli spaces.
Thanks to a result due to M. Brion [Bri11] in the algebraic setting, and to A. Blanchard
[Bla56] in the analytic setting we compute the connected component of the identity of
Aut(X[n]). Furthermore, as an application of Theorem 1 we manage to control the discrete
part of Aut(C[n]). The main results on the automorphism groups in Propositions 4.10, 4.15,
and Theorem 4.11 may be summarized as follows:
Theorem 2. Let X[n] be the Fulton-MacPherson compactification of the configuration space
of n ordered points on a smooth projective variety X. If either n 6= 2 or dim(X) ≥ 2, then the
connected component of the identity of Aut(X[n]) is isomorphic to the connected component
of the identity of Aut(X), that is
Auto(X[n]) ∼= Auto(X)
for any n, and if X = C is a curve then Auto(C[2]) ∼= Auto(C)×Auto(C).
Furthermore, if X = C is a curve with g(C) 6= 1 then we have
Aut(C[n]) ∼= Sn ×Aut(C)
if n 6= 2, while Aut(C[2]) ∼= S2 ⋉ (Aut(C)×Aut(C)).
Note that Theorem 2 does not hold if C has genus one. For instance, in this case by
Remark 4.16 the group GL(2,Z) of matrices with integers entries and determinant plus or
minus one acts on C × C.
4 ALEX MASSARENTI
In Corollary 4.21, thanks to Theorem 2, we get a simple proof of the main result on the
automorphisms of M g,n in [Mas14] when g ≥ 3.
Furthermore, in Proposition 4.20 we extend these techniques to the case when X =
C1 × ... × Cr is a product of curves of genus g(Ci) ≥ 2, and to some Kontsevich moduli
spaces and moduli stacks. The results on products of curves in Lemma 4.8 and Proposition
4.20 can be summarized as follows:
Theorem 3. Let X = C1× ...×Cr be a product of curves with g(Ci) ≥ 2 for any i = 1, ..., r,
and let [Cr1 ], ..., [Crk ] be the isomorphism classes of curves in {C1, ..., Cr}, where ri is the
number of curves of class [Cri ]. If n 6= 2 then
Aut(X[n]) ∼= Sn × ((Sr1 ⋉Aut(Cr1)
r1)× ...× (Srk ⋉Aut(Crk)
rk)) ∼= Sn ×Aut(X)
while if n = 2 and r ≥ 2 we have
Aut(X[2]) ∼= Sr2 ⋉ ((Sr1 ⋉Aut(Cr1)
r1)× ...× (Srk ⋉Aut(Crk)
rk)) ∼= Sr2 ⋉Aut(X)
Finally, if n = 2 and r = 1 then X = C1, and Aut(C1[2]) ∼= S2 ⋉ (Aut(C1)×Aut(C1)).
In the following we summarize the results in this direction for Kontsevich spaces in Propo-
sitions 4.14, 4.22, and Corollary 4.23.
Theorem 4. Let M0,n(PN , d) be the Deligne-Mumford stack of stable maps of degree d from
an n-pointed rational curve to PN , and let M0,n(PN , d) be its coarse moduli space. If N ≥ 2
and n ≥ 1 then
Auto(M 0,n(PN , 1)) ∼= PGL(2)× PGL(N + 1)
for any n 6= 2, and Auto(M 0,2(PN , 1)) ∼= PGL(2) × PGL(2)× PGL(N + 1).
Furthermore, for the Kontsevich spaces parametrizing rational normal curves we have:
Auto(M0,k(Pn, n)) ∼= Auto(M0,k(Pn, n)) ∼= PGL(n+ 1)
for any n ≥ 3, and k ≥ n+ 2.
In this paper we work over an algebraically closed field of characteristic zero. However, by
[FM17, Lemma 1.2] the results in Theorems 2, 3 and 4 can be easily extended to any field,
not necessarily an algebraically closed one, of characteristic zero. Finally, in Conjecture 4.24
we propose a conjecture on Aut(X[n]) when X is of general type.
Acknowledgments. I thank Stéphane Druel for his useful comments and suggestions,
particularly about Propositions 4.15 and 4.20, that helped me to improve a preliminary
version of the paper.
Furthermore, I would like to thank the referees for the careful reading that helped me to
improve the exposition, in particular one of them for pointing out some inaccuracies in the
proof of Proposition 2.13 and for suggesting me how to fix them.
The author is a member of the Gruppo Nazionale per le Strutture Algebriche, Geometriche
e le loro Applicazioni of the Istituto Nazionale di Alta Matematica "F. Severi" (GNSAGA-
INDAM).
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1. Fulton-MacPherson compactification and Kontsevich moduli spaces
All through the paper we work over an algebraically closed field of characteristic zero.
In [FM94] W. Fulton and R. MacPherson constructed a natural compactification of the
configuration space of n distinct ordered points in a smooth algebraic variety X. The
configuration space
C(X,n) = Xn \
⋃
1≤i,j≤n
∆i,j
is the complement in the Cartesian product Xn of the diagonals ∆i,j = {(x1, ..., xn) ∈
Xn | xi = xj}. The Fulton-MacPherson compactification X[n] of C(X,n) can be realized
from Xn via a sequence of blow-ups along smooth and irreducible centers, [FM94, Section
3].
1.0. Fulton-MacPherson blow-up construction of X[n]. Let us recall the construction
ofX[n] given in [FM94, Section 3]. If n = 1 then X[1] = X, and if n = 2 we have that X[2] is
the blow-up π2 : X[2]→ X
2 of X2 along ∆1,2. Now, assuming that πn−1 : X[n−1]→ X
n−1
has already been constructed, X[n] may be realized in the following way.
Construction 1.1. For any S = {i1, ..., is} ⊂ {1, ..., n − 1} let ∆S = {(x1, ..., xn−1) ∈
Xn−1 | xi1 = ... = xis}, and let ES ⊂ X[n− 1] be the exceptional divisor over ∆S . Finally,
we denote by pi : X
n−1 → X the projections.
- Let E˜1,...,n−1 = {(y, x) ∈ X[n − 1] × X | (pi ◦ πn−1)(y) = x ∀ i = 1, ..., n − 1} ⊂
X[n− 1]×X. Let X[n − 1]1 be the blow-up of X[n− 1]×X along E˜1,...,n−1.
- For any S ⊂ {1, ..., n − 1} with |S| = n− 2, let
E˜S = {(y, x) ∈ X[n]×X | (pi ◦ πn−1)(y) = x ∀ i ∈ S} ⊂ X[n− 1]×X
Note that since E˜1,...,n−1 has been blown-up in the preceding step the strict trans-
forms in X[n − 1]1 of the E˜S ’s do not intersect. Let X[n − 1]2 be the blow-up of
X[n− 1]1 along the strict transforms of the E˜S ’s. Note that the image of the excep-
tional divisor over the strict transform of E˜S via the projection X[n − 1]2 → X
n is
the diagonal ∆S∪{n}.
- We repeat recursively the construction in the preceding step for any subset S ⊂
{1, ..., n − 1} with 2 ≤ |S| ≤ n − 3 in order of decreasing cardinality of the set S,
and we denote by X[n − 1]u the variety obtained by this sequence of blow-ups.
- For any i = 1, ..., n − 1 we consider
˜X[n − 1]i = {(y, x) ∈ X[n − 1]×X | (pi ◦ πn−1)(y) = x} ⊂ X[n − 1]×X
The projection X[n− 1]×X → Xn maps X˜[n]i onto the diagonal ∆i,n. In order to
get X[n] we blow-up X[n− 1]u along the strict transforms of the ˜X[n− 1]i’s.
Finally, we denote by fn : X[n]→ X
n the composition of these blow-ups.
Lemma 1.2. The Picard number of X[n] is given by ρ(X[n]) = ρ(Xn) + 2n − n − 1 if
dim(X) ≥ 2, and by ρ(C[n]) = ρ(Cn) + 2n − n2 (n+ 1)− 1 if X = C is a curve.
6 ALEX MASSARENTI
Proof. It is enough to prove that X[n] is obtained from Xn by a sequence of 2n − n − 1
blow-ups. This is clear for n = 1. We proceed by induction on n. By induction hypothesis
X[n − 1] ×X is obtained from Xn = Xn−1 ×X via a sequence of 2n−1 − n blow-ups. To
conclude, it is enough to observe that by Construction 1.0 X[n] is obtained fromX[n−1]×X
by a sequence of
n−1∑
k=1
(
n− 1
k
)
=
n−1∑
k=0
(
n− 1
k
)
− 1 = 2n−1 − 1
blow-ups. If X = C is a curve the last
(
n
2
)
blow-ups are blow-ups of Cartier divisors,
therefore they do not modify the variety, and in particular they do not contribute to the
Picard number. 
A symmetric construction of X[n] has been realized by several authors [CP95], [Li09],
[MP98] as follows.
Proposition 1.3. Let us consider the following sequence of blow-ups:
- X[n]1 is the blow-up of X[n] along ∆1,...,n;
- X[n]2 is the blow-up of X[n]1 along the strict transforms of the diagonals ∆S with
|S| = n− 1;
...
- X[n]i is the blow-up of X[n]i−1 along the strict transforms of the diagonals ∆S with
|S| = n− i+ 1;
...
- X[n]n−1 is the blow-up of X[n]n−2 along the strict transforms of the diagonals ∆S
with |S| = 2.
Let gn : X[n]n−1 → X
n be the birational morphism given by the above sequence of blow-ups.
Then X[n]n−1 is a smooth variety isomorphic to X[n].
Indeed, Proposition 1.3 follows from [Li09, Theorem 1.3]. The reader may also see [Li09,
Section 4.2] for further details.
1.3. Kontsevich moduli spaces of stable maps to homogeneous varieties. An n-
pointed rational pre-stable curve (C, (x1, ..., xn)) is a projective, connected, reduced rational
curve with at most nodal singularities of arithmetic genus zero, with n distinct and smooth
marked points x1, ..., xn ∈ C. We will refer to the marked and the singular points of C as
special points.
Let X be a homogeneous variety. A map (C, (x1, ..., xn), α), where α : C → X is a morphism
from an n-pointed rational pre-stable curve to X is stable if any component E ∼= P1 of C
contracted by α contains at least three special points.
Now, let us fix a class β ∈ H2(X,Z). By [FP97, Theorem 2] there exists a smooth, proper,
and separated Deligne-Mumford stack M0,n(X,β) parametrizing isomorphism classes of
stable maps [C, (x1, ..., xn), α] such that α∗[C] = β.
Furthermore, by [KP01, Corollary 1] the coarse moduli space M0,n(X,β) associated to the
stack M0,n(X,β) is a normal, irreducible, projective variety with at most finite quotient
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singularities of dimension
dim(M 0,n(X,β)) = dim(X) +
∫
β
c1(TX) + n− 3
The variety M0,n(X,β) is called the moduli space of stable maps, or the Kontsevich moduli
space of stable maps of class β from a rational pre-stable n-pointed curve to X. The
boundary ∂M0,n(X,β) = M0,n(X,β) \M0,n(X,β) is a simple normal crossing divisor in
M0,n(X,β), whose points parametrize isomorphism classes of stable maps [C, (x1, ..., xn), α]
where C is a reducible curve. When X = PN , we will write M0,n(PN , d) for M0,n(PN , d[L]),
where L ⊆ PN is a line.
1.3.1. Natural morphisms. There are several natural morphisms defined onM0,n(X,β). For
any i ∈ {1, ..., n} we have the i-th evaluation map:
evi : M0,n(X,β) −→ X
[C, (x1, ..., xn), α] 7−→ α(xi)
Furthermore, there are the forgetful morphisms
(1.4) πi1,...,ik :M0,n(X,β)→M0,n−k(X,β)
forgetting the marked points xi1 , ..., xik and stabilizing the resulting map, and if n ≥ 3 we
have the forgetful morphism
ρ :M0,n(X,β)→M 0,n
forgetting the map and stabilizing the domain curve.
Remark 1.5. If d = N = 1 the Kontsevich moduli space M0,n(P1, 1) is isomorphic to the
Fulton-MacPherson compactification P1[n]. By Section 1.3.1 we have a morphism
ev := ev1 × ...× evn : M 0,n(P1, 1) −→ (P1)n
[C, (x1, ..., xn), α] 7−→ (α(x1), ..., α(xn))
For any {i1, ..., ik} ⊂ {1, ..., n} with k ≥ 2 let Di1,...,ik ⊂ M0,n(P
1, 1) be the divisor whose
general point corresponds to a stable map [C, (x1, ..., xn), α], where C = C1∪C2 is the union
of two smooth rational curves, C1 has marked points xi1 , ..., xik and is contracted to a point
via α, while C2 is mapped isomorphically onto P1 by α. Then ev(Di1,...,ik) = ∆i1,...,ik ⊂
(P1)n, and ev is exactly the blow-up morphism gn : P1[n]→ (P1)n in Proposition 1.3.
We will need the following simple result on the fibers of the evaluation maps.
Lemma 1.6. Let X be a homogeneous variety. Then all the fibers of the evaluation map
evi :M0,n(X,β)→ X are isomorphic.
Proof. Let p, q ∈ X be two points, and let Fp = ev
−1
i (p), Fq = ev
−1
i (q) be the corresponding
two fibers of evi. Let µ ∈ Aut
o(X) be an automorphism of X such that µ(p) = q. Since µ
is in the connected component of the identity of Aut(X) it must preserve the class β, and
fµ Fp −→ Fq
[C, (x1, ..., xn), α] 7−→ [C, (x1, ..., xn), µ ◦ α]
is an isomorphism whose inverse is fµ−1 . 
8 ALEX MASSARENTI
2. Base point free pencils on P1[n]
The main purpose of this section is to classify base point free pencils on the Fulton-
MacPherson compactification P1[n] of the configuration space of n points on P1. We begin
by describing fibrations of the Cartesian product of smooth curves of genus different from
one.
Lemma 2.1. Let C1, ..., Cn, B1, ..., Br be smooth projective curves with either g(Bi) ≥ 2 for
any i = 1, ..., r or g(Ci) = 0 for any i = 1, ..., n, and let ψ : C1× ...×Cn → B1× ...×Br be
a dominant morphism. Then there exist i1, ..., ir ∈ {1, ..., n}, and morphisms fij : Cij → Bj
such that the following diagram
C1 × ...× Cn
Ci1 × ...×Cir B1 × ...×Br
pii1×...×piir
fi1×...×fir
ψ
commutes, where πij : C1 × ... × Cn → Cij is the ij-th canonical projection. In particular,
any dominant morphism φ : Cn → C with g(C) 6= 1 factors through one of the projections.
Proof. It is enough to prove that for any projection pi : B1 × ... × Br → Bi the morphism
pi ◦ ψ factors through some projection πji : C1 × ...× Cn → Cji .
If g(Bi) ≥ 2 the result follows from [Cat00, Lemma 3.8]. Indeed, the statement of [Cat00,
Lemma 3.8] concerns products of two curves but its proof works identically for a product of
an arbitrary number of curves.
Now, let us consider the case of X = P11 × ... × P
1
n. Let li be the class of the i-th factor of
the product, and hi = π
∗
iOP1i
(1). Let us recall that the Chow ring of X is given by
A∗(X) ∼= Z[h1, ..., hn]/(h21, ..., h
2
n).
Furthermore li · hj = δij , where δij is the Kronecker delta. Since X is a toric variety its
Mori cone NE(X) is the polyhedral cone generated by classes of the torus invariant curves
li for i = 1, ..., n. Moreover, since Pic(X) is generated by h1, ..., hn we may write a divisor
D on X as D ≡ a1h1 + ...+ anhn, and D · li = ai yields that D is nef if and only if ai ≥ 0
for i = 1, ..., n.
Now, a dominant morphism φ : X → P1 is induced by a nef divisor D ≡ a1h1 + ... + anhn
on X. Let p, q ∈ P1 be two distinct points in P1, then the fibers Dp = φ−1(p),Dq = φ−1(q)
are elements of the linear system of D, that is they are linearly equivalent to D ≡ a1h1 +
...+ anhn. Now, since p 6= q and keeping in mind that h
2
i = 0 for any i we get that
Dp ·Dq =
n∑
i=1
a2i h
2
i + 2
∑
i<j
aiajhihj = 2
∑
i<j
aiajhihj = 0
in the group A2(X) of classes of cycles of codimension two in X. Hence n−1 of the ai’s must
be zero. Let aj be the only non-zero coefficient in the expression of D. Then D ≡ ajhj , and
φ factors through the projection πj : X → P1j . 
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Remark 2.2. Note that Lemma 2.1 does not hold for curves of genus one, or more generally
for abelian varieties. Indeed, if A is an abelian variety the multiplication map A× A → A
does not factor through one of the projections.
For the rest of this section we will focus on dominant morphisms P1[n]→ P1. Recall that
by Remark 1.5 we can identify P1[n] with the Kontsevich moduli space M0,n(P1, 1).
2.2. The Picard group of P1[n]. We summarize the results on the Picard group of
M0,n(PN , d) in [CHS09] for the particular case M0,n(P1, 1) ∼= P1[n]. By [CHS09, Section
2.1] there is a morphism
fp :M0,n+1 → P1[n]
defined as follows. Let us fix a point p ∈ P1. For any [C, (x1, ..., xn+1)] ∈M0,n+1 we attach
a P1 at xn+1, and consider the morphism α : C ∪ P1 → P1 that contracts C to p ∈ P1 and
maps the added rational tail isomorphically to P1.
C
x1
•
... xn
•
xn+1
P1 P1
α
p• •
Furthermore, for any i = 1, ..., n there is a morphism
gi : P1 → P1[n]
defined as follows. Let us fix an (n − 1)-pointed rational curve C. At a general point of C
we attach a P1 with the marked point xi ∈ P1. The domain of the stable map is C ∪ P1,
and the map α : C ∪ P1 → P1 is the identity on P1, and contracts C.
C
x1
•
... xi−1
•
xi+1
•
... xn
•
P1 P1
α
•
xi•
Varying the point xi ∈ P1 we get the morphism gi : P1 → P1[n]. By [CHS09, Theorem 2.3]
we have that the map
(2.3) h := f∗p × g
∗
1 × ...× g
∗
n : Pic(P
1[n])→ Pic(M 0,n+1)× Pic(P1)n
is an isomorphism. Furthermore the image via h of the ample, nef and eventually-free cone
of P1[n] is the product of the ample, nef and eventually-free cones respectively of M0,n+1
and of the P1 factors.
Notation 2.4. The map h = f∗p × g
∗
1 × ... × g
∗
n in (2.3) defines an isomorphism between
Pic(P1[n]) and Pic(M 0,n+1) × Pic(P1)n. Therefore, we may write any divisor D in P1[n]
as D ≡ D0,n+1 + a1H1 + ... + anHn, where D0,n+1 is a divisor on M0,n+1, the Hi’s are
generators of the factors Pic(P1), and ai ∈ Z.
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2.4. Modular linear pencils on M0,n(PN , d). By Section 1.3.1 there are several natural
morphisms from M0,n(PN , d) onto P1. We may consider the composition
(2.5) M0,n(PN , d)
ρ
−−−−−−−→M0,n
pii1,...,in−4
−−−−−−−→M0,4 ∼= P1
where πi1,...,in−4 : M0,n →M0,4 is the morphism forgetting the points labeled by i1, ..., in−4.
Furthermore, if N = 1 we have the evaluation maps
(2.6) evi :M0,n(P1, d)→ P1
Finally, if N = d = 1 we have also the forgetful morphisms
πi1,...,in−1 : P
1[n] ∼= M0,n(P1, 1)→ P1[1] ∼= M0,1(P1, 1) ∼= P1
forgetting the points labeled with i1, ..., in−1.
Remark 2.7. The map ev1 :M0,1(P1, 1)→ P1 is an isomorphism, and the diagram
P1[n]
M0,1(P1, 1) ∼= P1[1] P1
pii1,...,in−1
ev1
evj
is commutative, where {j} = {1, ..., n} \ {i1, ..., in−1}. Therefore, for any j ∈ {i, ..., n} the
morphisms evj and π{1,...,n}\{j} are induced by the same base point free pencil on P1[n].
Definition 2.8. Amodular base point free pencil onM0,n(P1, d) is a linear system associated
either to a forgetful morphism πi1,...,in−4 ◦ ρ of type (2.5) or to an evaluation morphism evi
of type (2.6).
Now let us consider the Fulton-MacPherson compactification P1[n]. By Proposition 1.3
we have that P1[1] ∼= P1, P1[2] ∼= P1×P1, and P1[3] ∼= Bl∆1,2,3(P
1)3, where ∆1,2,3 ⊂ (P1)3 is
the small diagonal. This variety appears among the Fano 3-folds of Picard number four in
[MM82]. For the convenience of the reader we give a proof of the following well-known fact.
Lemma 2.9. The blow-up of (P1)3 along the small diagonal ∆1,2,3 ⊂ (P1)3 is isomorphic
to the blow-up of P3 along three skew lines L1, L2, L3.
Proof. Let πi : P3 99K P1 be the projection with center the line Li, and let us consider the
rational map
π : P3 99K P1 × P1 × P1
x 7−→ (π1(x), π2(x), π3(x))
The locus contracted by π is the union of the lines in P3 intersecting the Li’s, that is the
unique quadric surface Q containing L1, L2, L3. Clearly π(Q) = ∆1,2,3.
Therefore, π induces a birational morphism π : BlL1,L2,L3P
3 → (P1)3, whose exceptional lo-
cus is the strict transform Q˜ of Q, and such that π(Q˜) = ∆1,2,3. Now, the universal property
of the blow-up [Har77, Proposition 7.14] yields a birational morphism π˜ : BlL1,L2,L3P
3 →
Bl∆1,2,3(P
1)3 mapping Q˜ to the exceptional divisor over ∆1,2,3. Finally, since BlL1,L2,L3P
3
and Bl∆1,2,3(P
1)3 are smooth and have the same Picard number π˜ is an isomorphism. 
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Let us denote by Ei ⊂ P1[3] the exceptional divisor over Li, and by H˜ the pull-back of a
general hyperplane of P3 via the blow-up morphism. Then Ei ∼= P1 × P1. We will denote
by Ri, σi the classes of the two rulings of Ei, where Ri is contracted by the blow-up map.
Finally, let L˜ be the pull-back of a general line in P3.
By [DPU16, Theorem 4.1] the effective cone Eff(P1[3]) of P1[3] is the polyhedral cone gen-
erated by the extremal rays 2H˜ − E1 − E2 − E3, H − Ei and Ei for i = 1, 2, 3. Our aim is
to describe its Mori Cone.
Lemma 2.10. The Mori cone NE(P1[3]) of P1[3] is the polyhedral cone generated by L˜ −
R1 −R2 −R3, Ri and σi for i = 1, 2, 3.
Proof. Since P1[3] is Fano we know that NE(P1[3]) is a finitely generated polyhedral cone.
Clearly, the classes Ri, σi are extremal. Now, let C˜ ⊂ P1[3] be an irreducible curve. If
C˜ ⊂ Ei we may write its class as a combination with non-negative coefficients of Ri and
σi. Therefore, let us assume that C˜ * Ei for any i = 1, 2, 3. In this case C˜ is the strict
transform of an irreducible curve C ⊂ P3 of degree d and intersecting Li with multiplicity
mi. In other words we may write
C˜ ∼ dL˜−m1R1 −m2R2 −m3R3
where ∼ denotes numerical equivalence. Now, note that
C˜ ∼ d(L˜−R1 −R2 −R3) + (d−m1)R1 + (d−m2)R2 + (d−m3)R3
To conclude it is enough to observe that d−mi ≥ 0 for any i = 1, 2, 3, otherwise by Bezout’s
theorem the line Li would be an irreducible component of C. 
We will need the following observation.
Remark 2.11. By [Has03, Sections 6.1 and 6.4] the moduli space of weighted pointed
rational curves M0,A[5] with weights A[5] = (1, 1, 1/3, 1/3, 1/3) can be constructed as the
blow-up Blp1,p2,p3P
2 of P2 at three general points p1, p2, p3 ∈ P2. Such moduli space admits
three morphisms πi :M0,A[5] →M0,4 ∼= P1 given by forgetting one of the last three marked
points. These morphisms are the lifting of the projections P2 99K P1 with center in one
of the three blown-up points. Now, by [MM17, Proposition 2.2] any dominant morphism
M0,A[5] → M0,4 ∼= P1 factors through one of the πi’s. Note that [MM17, Proposition 2.2]
is stated for morphisms with connected fibers M0,A[5] → M0,4 ∼= P1. However, to get the
result for any dominant morphism f : M0,A[5] → P1 it is enough to consider the Stein
factorization h : M0,A[5] → C of f : M 0,A[5] → P1, and the normalization ν : C˜ → C of the
curve C, as in the proofs of [BM13, Lemma 3.5 and Corollary 3.8].
In other words any morphism X → P1, where X is a del Pezzo surface of degree six
given by blowing-up three general points in P2, factors through one of the three morphisms
induced by the linear projection from the blown-up points.
I believe that this result on fibrations of degree six del Pezzo surfaces has been known for
a long time but I could not find a classical reference in the literature.
The alternative description of P1[3] in Lemma 2.9 and Remark 2.11 are helpful in order
to classify the base point free pencils on P1[3].
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Lemma 2.12. Let ψ : P1[3] → P1 be a dominant morphism. Then f factors through an
evaluation map.
Proof. By Lemma 2.9 we can identify P1[3] with the blow-up of P3 along three skew lines
L1, L2, L3. The statement follows easily from the description of NE(P1[3]) in Lemma 2.10.
However, we will give an alternative easy and geometrical proof.
The morphism ψ induces a rational map ψ˜ : P3 99K P1 whose indeterminacy locus is
contained in L1 ∪ L2 ∪ L3. Let H ⊂ P3 be a general plane. Then the restriction ψ˜|H :
H ∼= P2 99K P1 is a rational map whose indeterminacy locus is a finite set S contained in
{L1 ∩H,L2 ∩H,L3 ∩H}, and inducing a morphism ψ|H : BlSH → P1.
If S = {p1, p2, p3}, that is BlSH is a del Pezzo surface of degree six, then by Remark 2.11
ψ˜|H must factor through a linear projection from one of the pi’s. A fortiori the same result
holds if |S| ∈ {1, 2}.
Therefore, ψ˜|H factors through the projection from one of the pi’s, and hence ψ˜ is constant
on the fibers of the projection πLi from one of the Li’s. Then ψ˜ factors through πLi . Via
the isomorphism π˜ : BlL1,L2,L3P
3 → Bl∆1,2,3(P
1)3, this means that ψ factors through the
lifting of one of the three projections (P1)3 → P1, that is an evaluation map. 
Now, we are ready to prove the main result of this section on base point free pencils on
the Fulton-MacPherson compactification P1[n].
Proposition 2.13. Let ψ : P1[n] → P1 be a dominant morphism. Then ψ factors through
a morphism associated to a modular base point free pencil.
Proof. By Proposition 1.3 P1[n] is the blow-up gn : P1[n] → (P1)n along the diagonals in
order of increasing dimension. Now, let b1 : P1[n]1 → (P1)n be the blow-up of the smallest
diagonal ∆1,...,n, and fixed a point p ∈ ∆1,...,n let us consider the fiber b
−1
1 (p)
∼= Pn−2.
Finally, let b : P1[n]→ P1[n]1 be the blow-up morphism such that b1 ◦ b = gn.
For a proper subset S = {i1, ..., is} of {1, ..., n} we will denote by ∆S the diagonal in
(P1)n where the points indexed by S coincide. Let E be the exceptional divisor of the first
blow-up P1[n]1 of (P1)n at the smallest diagonal ∆1,...,n, and let E˜ be the boundary divisor
in P1[n] corresponding to ∆1,...,n. Now, let FS be the intersections of E with the strict
transforms of ∆S , for 2 ≤ |S| ≤ n − 1 inside P1[n]1. By the symmetric construction of the
Fulton-MacPherson compactification in Proposition 1.3 we have that E˜ is then the iterated
blow-up of E at FS in order of increasing dimension. Now, by [GR17, Lemma 4.18] we get
that the fiber of E˜ → ∆1,...,n over p ∈ ∆1,...,n coincides with the iterated blow-up of the
fiber Ep at FS,p, where Ep is the fiber of E over p ∈ ∆1,...,n and FS,p = FS ∩ Ep, in order
of increasing dimension. Indeed in the notations of [GR17, Lemma 4.18], setting d = 1 and
all weights in A equal to one, we have that b|g−1n (p) : g
−1
n (p)→ b
−1
1 (p)
∼= Pn−2 is exactly the
blow-up morphism in the construction of M0,n+1 in [Has03, Section 6.2].
Note that the image of the morphism fp : M0,n+1 → P1[n] in Section 2.2 is the fiber
g−1n (p)
∼= M0,n+1. Let us assume that ψ contracts g
−1
n (p) for some p ∈ ∆1,...,n. Therefore,
ψ contracts g−1n (p) for any p ∈ ∆1,...,n since the fibers g
−1
n (p) are all numerically equivalent.
Now, let ES = g
−1
n (∆S) be the exceptional divisor over ∆S, and gn,S : ES → ∆S be the
restriction of gn to ES . For any p ∈ ∆1,...,n we have g
−1
n,S(p) ⊂ g
−1
n (p). Therefore, ψ contracts
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the fiber g−1n,S(p).
Now, since gn,S : ES → ∆S is a morphism with connected fibers all of the same dimension,
[KM98, Lemma 1.6] yields that ψ must contract all the fibers of gn,S : ES → ∆S. We
conclude that if ψ contracts a fiber g−1n (p)
∼= M0,n+1 then it must contract all the fibers of
any morphism gn,S : ES → ∆S with |S| = n − r, r ∈ {1, ..., n − 3}, and hence ψ factors
through the blow-up morphism gn : P1[n] → (P1)n, that is there exists a commutative
diagram as follows
P1[n]
(P1)n P1
gn
ψ
Since by Lemma 2.1 any morphism (P1)n → P1 factors through a projection onto one of the
factors we get that ψ factors through an evaluation map.
Now, let us assume that ψ restricts to a dominant morphism on g−1n (p)
∼= M0,n+1. Following
Notation 2.4 let Dψ ≡ Dψ0,n+1 + a
ψ
1H1 + ...+ a
ψ
nHn be the decomposition of the divisor D
ψ
associated to the morphism ψ : P1[n]→ P1.
Note that by Section 2.2 the divisor Hi induces the evaluation map evi. In particular,
since any evi contracts the fiber g
−1
n (p) we have that a
ψ
i = 0 for any i = 1, ..., n, and
Dψ ≡ Dψ0,n+1.
By [BM13, Corollary 3.8] ψ|M0,n+1 factors through a forgetful morphism πi1,...,in−3 and a
finite morphism. Now, we distinguish two cases.
- Assume that n+ 1 ∈ {i1, ..., in−3}, say n+ 1 = in−3. In this case the morphism
P1[n] ∼=M 0,n(P1, 1)
ρ
−−−−−−−→M0,n
pii1,...,in−4
−−−−−−−→M0,4 ∼= P1
restricts to ψ on M0,n+1. Furthermore, since (2.3) is an isomorphism it is the only
morphism with this property, and hence ψ factors though πi1,...,in−4 ◦ ρ.
- Now, assume that n+ 1 /∈ {i1, ..., in−3}. In this case the forgetful morphism
πi1,...,in−3 : P
1[n] ∼= M0,n(P1, 1)→ P1[3] ∼= M0,3(P1, 1)
coincides with ψ on M0,n+1, and by (2.3) ψ must factor through πi1,...,in−3, that is
ψ = ξ◦πi1,...,in−3 where ξ : P
1[3]→ P1 is a morphism. On the other hand, by Lemma
2.12 the morphism ξ factors through an evaluation morphism evi : P1[3]→ P1. Note
that (evi ◦ πi1,...,in−3 ◦ ψ)(M 0,n+1) is a point for any i, and hence (ξ ◦ πi1,...,in−3 ◦
f)(M0,n+1) is a point as well. A contradiction.
We conclude that ψ factors either through an evaluation map or a morphism of the type
πi1,...,in−4 ◦ ρ as in (2.5). 
3. On the fibrations of X[n]
Our next aim is to describe dominant morphisms P1[n] → P1[r] with r ≥ 2. The case
r = 2 is an immediate consequence of Proposition 2.13.
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Proposition 3.1. Let ψ : P1[n]→ P1[2] be a dominant morphism. Then ψ factors through
a product of two morphisms associated to modular base point free pencils.
Proof. Since P1[2] ∼= P1 × P1, the morphism ψ is completely determined by the two mor-
phisms πi ◦ ψ : P1[n] → P1, where the πi : P1[2] → P1 for i = 1, 2 are the projections onto
the factors. Now, the statement follows immediately from Proposition 2.13. 
When r ≥ 3 the geometry of P1[r] radically changes. This is because now inside P1[r] there
are negative divisors imposing several constraints on morphisms P1[n]→ P1[r]. Indeed, the
case r = 3 is the first one in which we really need to blow-up a codimension two subvariety
of (P1)r to construct P1[r]. This will be the leading idea for the rest of this section.
Lemma 3.2. Let ψ : P1[n]→ P1[3] be a dominant morphism with connected fibers. Then for
any i ∈ {1, 2, 3} the morphism evi ◦ψ : P1[n]→ P1 factors through an evaluation morphism
evji : P
1[n]→ P1.
Proof. The morphism evi ◦ ψ : P1[n]→ P1 has connected fibers. Therefore, by Proposition
2.13 we know that evi ◦ ψ factors either through an evaluation morphism evji and an auto-
morphism µi ∈ PGL(2), or through a morphism of the type πi1,...,in−4 ◦ ρ in (2.5) and again
an automorphism µi ∈ PGL(2). Let ξi : P1[n] → P1 be the morphism, either of type (2.5)
or of type (2.6), factorizing evi ◦ ψ. Note that µ := µ1 × µ2 × µ3 is an automorphism of
(P1)3, and we have the following commutative diagram
P1[n] P1[3]
(P1)3 (P1)3
ψ
µ
ev1×ev2×ev3ξ1×ξ2×ξ3
Recall that by Remark 1.5 the morphism ev1 × ev2 × ev3 is nothing but the blow-up mor-
phism P1[3]→ (P1)3, that is the blow-up of the diagonal ∆1,2,3.
Now, let x ∈ ∆1,2,3 ⊂ (P1)3 be a point, and let Fx be the fiber of ev1×ev2×ev3 over x. Then
dim(Fx) = 1, and if F x is a component of ψ
−1(Fx) we have dim(F x) ≥ n − 3 + 1 = n− 2.
On the other hand, F x is contracted to the point y = µ
−1(x) by ξ1× ξ2 × ξ3. Now, since ξi
is either of type (2.5) or of type (2.6), F x ⊆ (ξ1 × ξ2 × ξ3)
−1(y) and dim(F x) ≥ n− 2 yield
y ∈ ∆1,2,3.
Hence µ ∈ Aut((P1)3) preserves ∆1,2,3. For instance, let us assume ξ1 = ev1, ξ2 = ev2 and
ξ3 = πI ◦ ρ, and let (p, q, t) ∈ (P1)3 be a point. The other cases can be worked out with
similar arguments. If p 6= q then a general point in (ξ1×ξ2×ξ3)(p, q, t) is a stable map of the
form [C, (α−1(p), α−1(q), x3, ..., xn), α] such that ξ3([C, (α
−1(p), α−1(q), x3, ..., xn), α]) = t.
Therefore, for any set I of n − 4 indices, in the notation above, we have dim(F x) ≥ n− 3.
This yields p = q, and hence a general point in (ξ1 × ξ2 × ξ3)(p, q, t) is a stable map of the
form [C1 ∪ C2, (x1, ..., xn), α] where x1, x2 ∈ C1, α has degree zero on C1 and one on C2,
such that ξ3([C1 ∪ C2, (x1, ..., xn), α]) = t.
Now, dim(F x) = n − 2 if and only if {1, ..., n} \ I = {1, 2, i3, i4} with xi3 , xi4 ∈ C2.
Furthermore, in this case ξ3([C1 ∪ C2, (x1, ..., xn), α]) ∈ M0,4 is the stable curve [C1 ∪
C2, (x1, x2, xi3 , xi4)] which corresponds to the point of M0,4
∼= P1 representing a 4-pointed
stable curve where x1 and x2 collide. Therefore (p, q, t) ∈ ∆1,2,3.
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Now, let E ⊂ P1[3] be the exceptional divisor on ∆1,2,3. Since P1[3] is smooth any com-
ponent of D = φ−1(E) ⊂ P1[n] has codimension one. Furthermore ((µ1 ◦ ξ1) × (µ2 ◦
ξ2) × (µ3 ◦ ξ3))(D) = ∆1,2,3. In particular, since µ
−1(∆1,2,3) = ∆1,2,3, any component of
(ξ1 × ξ2 × ξ3)
−1(∆1,2,3) must have codimension one in P1[n].
For instance, if the ξi’s are all evaluation maps, say ev1, ev2, ev3 then the irreducible com-
ponents of (ξ1 × ξ2 × ξ3)
−1(∆1,2,3) are the divisors D1,2,3,i1,...,ik with 0 ≤ k ≤ n − 3, where
a general point of D1,2,3,i1,...,ik corresponds to a stable map [C1 ∪ C2, (x1, ..., xn), α] with
x1, x2, x3, xi2 , ..., xik ∈ C1, the remaining marked points are in C2, and α has degree zero
and one on C1 and C2 respectively.
Now let us assume that ξ1 is a morphism of type (2.5), say πi1,...,in−4 ◦ ρ, while ξ2, ξ3
are the evaluation maps ev1, ev2. A general point in the exceptional divisor E1,...,n ⊂
P1[n] over the diagonal ∆1,...,n ⊂ (P1)n represents a stable map [C1 ∪ C2, (x1, ..., xn), α],
where x1, ..., xn ∈ C1, and α has degree zero and one on C1 and C2 respectively. Clearly
ev1([C1∪C2, (x1, ..., xn), α]) = ev2([C1∪C2, (x1, ..., xn), α]). Now, the condition (πi1,...,in−4 ◦
ρ)([C1 ∪ C2, (x1, ..., xn), α]) = [C2, (xi1 , ..., xi4)] = α(x1) = α(x2) cuts out a codimension
two component L1 ⊂ E1,...,n of ((πi1,...,in−4 ◦ ρ)× ev1 × ev2)
−1(∆1,2,3). A contradiction.
Now, let us consider the case ξ1 = πi1,...,in−4 ◦ ρ, ξ2 = πj1,...,jn−4 ◦ ρ, and ξ3 = ev1. Consider
the divisor whose general point corresponds to a stable map [C1 ∪C2, (x1, ..., xn), α], where
x1, xi1 , xi2 , xj1 , xj2 ∈ C1, xi3 , xi4 , xj3 , xj4 ∈ C2, and α has degree one on C1 and zero on C2.
Clearly, (πi1,...,in−4 ◦ρ)([C1 ∪C2, (x1, ..., xn), α]) = (πj1,...,jn−4 ◦ρ)([C1∪C2, (x1, ..., xn), α]) =
[C1 ∩ C2, (xi1 , ..., xi4)]. On the other hand, since x1 ∈ C1 and α does not contract C1 the
condition ev1([C1 ∪ C2, (x1, ..., xn), α]) = [C1 ∪ C2, (xi1 , ..., xi4)] defines a codimension two
locus L2 ⊂ P1[n] which is a component of ((πi1,...,in−4 ◦ ρ)× (πj1,...,jn−4 ◦ ρ)× ev2)
−1(∆1,2,3).
A contradiction.
Finally, we consider the case ξ1 = πi1,...,in−4 ◦ ρ, ξ2 = πj1,...,jn−4 ◦ ρ, and ξ3 = πk1,...,kn−4 ◦ ρ.
The sets I = {i1, ..., i4}, J = {j1, ..., j4}, K = {k1, ..., k4} differ by at least one ele-
ment, say i4 /∈ J ∪ K, j4 /∈ I ∪ K, k4 /∈ I ∪ J . In this case the codimension two locus
L3 ⊂ P1[n], whose general point corresponds to a curve [C1 ∪C2 ∪C3, (x1, ..., xn), α] where
xi4 ∈ C2, xj4 , xk4 ∈ C3 and the remaining marked points are in C1, is a component of
((πi1,...,in−4 ◦ ρ) × (πj1,...,jn−4 ◦ ρ) × (πk1,...,kn−4 ◦ ρ))
−1(∆1,2,3) of codimension two. Again a
contradiction. 
In order to prove our main result, given two forgetful morphisms πI , πJ , we need to control
the dimension of the intersection of two general fibers of πI and πJ .
Lemma 3.3. Fix a point x ∈ P1[n] not lying in the exceptional locus of the blow-up
morphism P1[n] → (P1)n. Let πI : P1[n] → P1[r − 1], πJ : P1[n] → P1[r − 1] be two
forgetful morphisms, and FI,x, FJ,x be the fibers through x of πI and πJ respectively. If
dim(FI,x ∩ FJ,x) ≥ n− r then |I ∩ J | ≥ n− r.
Proof. Let |I∩J | = n−r−k. We may assume I = {1, ..., n−r−k, n−r−k+1, ..., n−r+1}
and J = {1, ..., n − r − k, n− r + 2, ..., n − r + k + 2}.
A point y ∈ FI,x ∩ FJ,x represents a pointed stable map where all the marked points but
x1, ..., xn−r−k are fixed, that is FI,x ∩ FJ,x parametrizes configurations of n − r − k points
in P1, and dim(FI,x ∩ FJ,x) = n− r − k. Now, dim(FI,x ∩ FJ,x) = n− r − k ≥ n− r yields
k ≤ 0. 
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Now, we are ready to prove the main result of this section on the classification of mor-
phisms P1[n]→ P1[r].
Theorem 3.4. Let ψ : P1[n] → P1[r] be a dominant morphism with connected fibers. If
r ≥ 3 then ψ factors through a forgetful morphism πI : P1[n]→ P1[r].
Proof. Let us begin with the case r = 3. Keeping in mind that by Remark 2.7 we may
identify evaluation maps evi : P1[n]→ P1 with forgetful morphisms forgetting n− 1 marked
points, by Lemma 3.2 we get the following commutative diagram
P1[n] P1[3]
(P1)3
ψ
ev1×ev2×ev3
µ◦(piI×piJ×piK)
where µ is an automorphism of (P1)3 preserving the diagonal ∆1,2,3, and we may assume
I = {2, ..., n}, J = {1, 3, ..., n}, K = {1, 2, 4, ..., n}. Since µ preserves the diagonal it lifts
to an automorphism µ : P1[3] → P1[3]. Therefore, the morphism µ ◦ π4,...,n : P1[n] → P1[3]
and the morphism ψ coincide on a dense open subset of P1[n], and hence they are the same
morphism. This means that ψ = µ ◦ π4,...,n.
Now, we proceed by induction on r ≥ 4. Let us consider two different forgetful morphisms
πi, πj : P1[r] → P1[r − 1]. Since r − 1 ≥ 3 by induction hypothesis we have the following
diagram
P1[r − 1] P1[r − 1]
P1[n] P1[r]
P1[r − 1] P1[r − 1]
piJ
pii
piI
ψ
pij
In the notation of Lemma 3.3 let x ∈ P1[n] be a general point, and FI,x, FJ,x be the fibers
of πI , πJ through x. Note that the fiber Fψ,x of ψ through x is contained in the intersection
FI,x∩FJ,x. Therefore, Lemma 3.3 yields that πI and πJ forget n−r common marked points.
If πI∩J : P1[n]→ P1[r] is the morphism forgetting these n− r common points we have
Fψ,x ⊆ FI,x ∩ FJ,x = FI∩J,x
Since dim(Fψ,x) = n− r = dim(FI∩J,x) we get Fψ,x = FI∩J,x. This means that ψ contracts
to a point the general fiber of πI∩J . Finally, since πI∩J is a morphism with connected fibers
all of the same dimension, [KM98, Lemma 1.6] yields that ψ contracts to a point all the
fibers of πI∩J . This means that given a point y ∈ P1[r] we have that z = ψ(π−1I∩J(y)) is a
point as well, and we get the commutative diagram
P1[n]
P1[r] P1[r]
piI∩J
ν
ψ
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where ν : P1[r]→ P1[r] is defined by ν(y) = z. 
A small improvement is at hand.
Corollary 3.5. Let ψ : P1[n]→ P1[r1]× ...×P1[rk] be a dominant morphism with connected
fibers. Then ψ factors through a product of forgetful morphisms of type πI (1.4) and ρ ◦ πJ
(2.5). Furthermore, if ri ≥ 3 for any i = 1, ..., k then ψ factors through a product of forgetful
morphisms of type πI (1.4) only.
Proof. It is enough to compose ψ with projections onto the factors, and to apply Propositions
2.13, 3.1, and Theorem 3.4. 
Finally, we extend the main results in Sections 2 and 3 for varieties not containing rational
curves.
Lemma 3.6. Let X be a smooth projective variety not containing any rational curve, and
ψ : X[n] → Xr be a dominant morphism. Then ψ factors through the blow-up morphism
gn : X[n]→ X
n.
Proof. It is enough to prove the claim in the case r = 1. If r ≥ 2 we just consider the
composition of ψ with the projections Xr → X.
So, let ψ : X[n]→ X be a dominant morphism, x ∈ Xn a point, and Fx = g
−1
n (x). Then Fx
is a rational variety. Assume that Fx has positive dimension and that ψ does not contract
Fx to a point in X. Then ψ(Fx) ⊆ X is a rationally connected variety of positive dimension.
A contradiction, since by hypothesis X does not contain rational curves. Therefore, ψ must
contract any fiber of gn. 
It is straightforward to prove an analogue of Corollary 3.5 for C[n] where C is a smooth
projective curve with g(C) ≥ 2. We will denote by πI : C[n]→ C[r] the forgetful morphisms.
These are just the liftings of the projections Cn → Cr.
Proposition 3.7. Let C be a smooth projective curve of genus g(C) ≥ 2, and ψ : C[n] →
C[r1]× ...×C[rk] be a dominant morphism with connected fibers. Then ψ factors through a
product of forgetful morphisms.
Proof. First let us consider a morphism ψ : C[n] → C[r]. Let gr : C[r]→ C
r be the blow-
up, and let us consider the composition gr ◦ ψ : C[n] → C
r. By Lemma 3.6 we have the
following commutative diagram:
C[n] C[r]
Cn Cr
ψ
gn gr
ψ
where ψ : Cn → Cr is a dominant morphism with connected fibers. By Lemma 2.1 ψ must
factor through a product of r of the projections onto the factors, and therefore ψ must factor
through a forgetful morphism.
Finally, to get the result for dominant morphisms C[n]→ C[r1]× ...×C[rk] with connected
fibers it is enough to compose ψ with projections onto the factor as in Corollary 3.5. 
18 ALEX MASSARENTI
4. On the automorphisms of X[n] and M0,n(PN , d)
In this section, taking advantage of the results on the fibrations in Sections 2 and 3,
we study the automorphisms of the Fulton-MacPherson compactification X[n], and of the
Kontsevich moduli space M0,n(PN , d) in some significant cases.
4.0. Groups naturally acting on M0,n(X,β). Let X be a homogeneous variety. The
symmetric group Sn, and the connected component of the identity Aut
o(X) of Aut(X) act
naturally on M0,n(X,β) by
(4.1)
Sn ×M0,n(X,β) −→ M 0,n(X,β)
(σ, [C, (x1, ..., xn), α]) 7−→ [C, (xσ(1) , ..., xσ(n)), α]
and
(4.2)
Auto(X)×M0,n(X,β) −→ M0,n(X,β)
(µ, [C, (x1, ..., xn), α]) 7−→ [C, (x1, ..., x1), µ ◦ α]
These groups induce automorphisms of M0,n(X,β), and their actions commute, that is
Sn ×Aut
o(X) ⊆ Aut(M 0,n(X,β)). For instance, we have the following simple result.
Proposition 4.3. The automorphisms of M0,0(P2, 2) are exactly the ones induced by auto-
morphisms of P2, that is
Aut(M0,0(P2, 2)) ∼= PGL(3)
Proof. It is well known that the space M0,0(P2, 2) is isomorphic to the space of complete
conics, that is the blow-up of P5 along the Veronese surface V ⊂ P5 parametrizing double
lines [FP97, Section 0.4]. Then by [Har77, Corollary 7.15] the automorphism group of
M0,0(P2, 2) is isomorphic to the subgroup AutV (P5) ⊂ PGL(6) of automorphisms of P5
stabilizing V ∼= P2. To conclude it is enough to observe that AutV (P5) ∼= PGL(3). 
Now, our aim is to study the connected component of the identity of Aut(X[n]) and
Aut(M0,n(X,β)). The central ingredient of our argument will be the following scheme-
theoretic version of Blanchard’s theorem [Bla56, Section I.1] due to M. Brion.
Theorem 4.4. [Bri11, Proposition 2.1] Let G be a connected group scheme, X a scheme
with an action of G, and f : X → Y a proper morphism such that f∗OX ∼= OY . Then there
is a unique action of G on Y such that f is equivariant.
We recall the following well-known fact.
Remark 4.5. If φ : X → X is an automorphism of any scheme then the fixed locus of φ
forms a closed subscheme. So once the fixed locus includes a dense set U ⊂ X, the fixed
locus is the entire space, and φ is the identity.
In order to use inductive arguments we will need the following result.
Lemma 4.6. Let X be a homogeneous variety. If Auto(M0,n(X,β)) ∼= Aut
o(X) for an
n ≥ 5 then Auto(M 0,k(X,β)) ∼= Aut
o(X) for any k ≥ n.
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Proof. Let φ ∈ Auto(M0,k+1(X,β)), with k ≥ n, be an automorphism. We proceed by
induction on k. By Theorem 4.4 with f = πi for i = 1, ..., k + 1, we get the following k + 1
commutative diagrams
M0,k+1(X,β) M0,k+1(X,β)
M0,k(X,β) M0,k(X,β)
φ
φ1
pi1pi1
· · ·
M0,k+1(X,β) M0,k+1(X,β)
M0,k(X,β) M0,k(X,β)
φ
φk+1
pik+1pik+1
where φi ∈ Aut
o(M0,k(X,β)) for any i = 1, ..., k+1. Therefore, by induction hypothesis φi
is given by
φi : M0,k(X,β) −→ M0,k(X,β)
[C, (x1, ..., xˆi, ..., xk+1), α] 7−→ [C, (x1, ..., xˆi, ..., xk+1), µi ◦ α]
with µi ∈ Aut
o(X), for any i = 1, ..., k+1. Now, let [C, (x1, ..., xk+1), α] ∈M0,k+1(X,β) be
a general point, and let [Γ, (y1, ..., yk+1), γ] = φ([C, (x1, ..., xk+1), α]) be its image.
Since πi ◦ φ = φi ◦ πi we get [C, (x1, ..., xˆi, ..., xk+1), µi ◦ α] = [Γ, (y1, ..., yˆi, ..., yk+1), γ].
Therefore, for any i = 1, ..., k + 1 we have an isomorphism τi : C → Γ such that τi(xj) = yj
for any j 6= i and γ ◦ τi = µi ◦ α.
Now, C and Γ are two smooth rational curves and since k ≥ n ≥ 5 the isomorphisms
τi, τj : C → Γ coincide on at least three marked points xh with h 6= i, j. Therefore,
τ1 = τ2 = ... = τk+1 and µ1 ◦ α = µ2 ◦ α = ... = µk+1 ◦ α. Since X is homogeneous this
yields µ1 = µ2 = ... = µk+1. Let us denote this automorphism of X by µ, and consider the
morphism of groups:
χ : Auto(M0,k+1(X,β)) −→ Aut
o(X)
φ 7−→ µ
By Section 4.0 χ is surjective. Now, assume that µ = χ(φ) = IdX . Then φi = IdM0,k(X,β) for
any i = 1, ..., k+1. Since φ1 = IdM0,k(X,β) the automorphism φ restricts to an automorphism
of the fiber F1 := π
−1
1 ([C, (x2, ..., xk+1), α])
∼= C. Note that when x1 collides with x2, ..., xk+1
we get k special points xi ∈ F1 for i = 2, ..., k + 1, where xi ∈ F1 corresponds to a stable
map [C ∪P1, (x1, ..., xk+1), α] with reducible domain, where x1, xi ∈ P1, and α contracts P1.
Now, since πi ◦φ = πi for i = 2, ..., k+1 the automorphism π|F1 : F1 → F1 must fix xi ∈ F1
for any i = 2, ..., k + 1. Since k ≥ 5 this yields that φ|F1 = IdF1 . Therefore, φ restricts
to the identity on the general fiber of π1. Finally, to conclude that φ = IdM0,k+1(X,β) it is
enough to recall Remark 4.5. 
4.6.1. Automorphisms of Cartesian products. We will need the following simple results on
the automorphisms of Cartesian products.
Lemma 4.7. Let X1, ...,Xn be complete varieties. Then Aut
o(X1× ...×Xn) ∼= Aut
o(X1)×
...×Auto(Xn).
Proof. The statement is trivial for n = 1. Let Y = X2 × ...×Xn, then by [Bri11, Corollary
2.3] we have
Auto(X1 × ...×Xn) = Aut
o(X1 × Y ) ∼= Aut
o(X1)×Aut
o(Y )
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To conclude it is enough to argue by induction on n. 
Furthermore, by Lemma 2.1 it is straightforward to compute the automorphism group of
a Cartesian product of curves of genus different from one.
Lemma 4.8. Let C1, ..., Cr be smooth projective curves of genus g(Ci) 6= 1, and let us
denote by [Cr1 ], ..., [Crk ] the isomorphism classes of curves in {C1, ..., Cr}, where ri is the
number of curves of class [Cri ]. Then
Aut(C1 × ...× Cr) ∼= (Sr1 ⋉Aut(Cr1)
r1)× ...× (Srk ⋉Aut(Crk)
rk).
In particular, Aut(Cr) ∼= Sr ⋉Aut(C)r.
Proof. Let us fix an automorphism φ ∈ Aut(C1× ...×Cr). We may assume that the curves
of class [Cr1 ] are C1, ..., Cr1 . Let πi : C1 × ...×Cr → C1 × ....Ĉi × ...×Cr be the projection
forgetting the point on Ci.
By Lemma 2.1 for any i ∈ {1, ..., r} the morphism πi◦φ
−1 : C1×...×Cr → C1×....Ĉi×...×Cr
factors through a projection πji , and hence we have the commutative diagram
C1 × ....× Cr C1 × ...× Cr
C1 × ....Ĉji × ...× Cr C1 × ....Ĉi × ...× Cr
φ−1
φ
piipiji
Note that φ−1 induces an isomorphism between the fiber of πi which is Ci, and the fiber
of πji which is Cji . Therefore, i ∈ {1, ..., r1} forces ji ∈ {1, ..., r1} as well, and we get a
surjective morphism of groups
χ : Aut(C1 × ...× Cr) −→ Sr1
φ 7−→ σφ
where σφ(i) = ji. Now, if φ induces the trivial permutation via χ then φ ∈ Aut(Cr1)
r1 ×
Aut(Cr1+1×...×Cr), where the product is direct since the actions of the two groups commute.
Proceeding by induction on r we have Aut(Cr1+1 × ... × Cr)
∼= (Sr2 ⋉ Aut(Cr2)
r2) × ... ×
(Srk ⋉Aut(Crk)
rk), and hence
Aut(C1 × ...× Cr) ∼= Sr1 ⋉ (Aut(Cr1)
r1 × (Sr2 ⋉Aut(Cr2)
r2)× ...× (Srk ⋉Aut(Crk)
rk))
To conclude it is enough to observe that the action of Sr1 commutes with the action of
Sri⋉Aut(Cri)
ri for any i = 2, ..., k, but does not commute with the action of Aut(Cr1)
r1 . 
Remark 4.9. In the proof of Lemma 4.8 we considered πi ◦ φ
−1 instead of πi ◦ φ in order
to make the map χ a morphism of groups. For the same reason, in similar settings, we will
consider φ−1 instead of φ several times in the rest of the paper.
As an application of Theorem 4.4 we get the following result.
Proposition 4.10. If either n 6= 2 or dim(X) ≥ 2, then the connected component of the
identity of Aut(X[n]) is isomorphic to the connected component of the identity of Aut(X),
that is
Auto(X[n]) ∼= Auto(X)
for any n.
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Proof. Let gn : X[n] → X
n be the blow-up morphism in Proposition 1.3. Since gn is
birational we have gn∗OX[n] ∼= OXn , and we may apply Theorem 4.4 with f = gn and
G = Auto(X[n]). Indeed, by Theorem 4.4 for any automorphism φ ∈ Auto(X[n]) there
exists an automorphism φ ∈ Auto(Xn) such that the following diagram
X[n] X[n]
Xn Xn
φ
φ
gngn
is commutative. Now, let x = (x, ..., x) ∈ Xn be a point in the small diagonal ∆1,...,n,
and assume that φ(x) = y /∈ ∆1,...,n. Let Fx and Fy be the fibers of gn over x and y
respectively. Then φ restricts to an isomorphism φ|Fx : Fx → Fy. On the other hand
by Proposition 1.3 we know that dim(Fx) = (n − 1) dim(X) − 1, while y /∈ ∆1,...,n yields
dim(Fy) < (n− 1) dim(X)− 1. A contradiction. Therefore, φ restricts to an automorphism
of ∆1,...,n ∼= X, and we get a morphism of groups:
χ : Auto(X[n]) −→ Auto(X)
φ 7−→ φ|∆1,...,n
Furthermore, by Lemma 4.7 φ comes from the diagonal action of Auto(X). Now, all the
subvarieties of Xn blown-up in the construction of Proposition 1.3 are stabilized by the
diagonal action of Auto(X) on Xn. Therefore, by [Har77, Corollary 7.15] this action lifts to
an action of Auto(X) on X[n], and the morphism χ is surjective.
Finally, let φ ∈ Auto(X[n]) such that χ(φ) = φ|∆1,...,n = Id∆1,...,n . Now φ ∈ Aut
o(Xn) and
by Lemma 4.7 we have Auto(Xn) ∼= Auto(X)n. Therefore, we may write φ = (φ1, ..., φn)
where φi : X → X is an automorphism of X for any i = 1, ..., n. Furthermore for any x ∈ X
we have φ(x, ..., x) = (φ1(x), ..., φn(x)) = Id∆1,...,n(x, ..., x) = (x, ..., x) that is φi(x) = x.
Then φi = IdX for any i = 1, ..., n and φ = IdXn .
Therefore, the automorphism φ restricts to an automorphism of a general fiber of gn. On
the other hand, since gn is birational such general fiber is a point. That is φ restricts to
the identity on X[n] \
⋃
2≤|S|≤n g
−1
n (∆S). By Remark 4.5 we conclude that φ is the identity,
and χ is injective. 
By Proposition 4.10 we have that if n 6= 2 then Auto(P1[n]) ∼= PGL(2). Thanks to the
main result on dominant morphisms from P1[n] to P1 in Section 2 we have the following
stronger result.
Theorem 4.11. The automorphism group of the Fulton-MacPherson compactification P1[n]
is given by
Aut(P1[n]) ∼= Sn × PGL(2)
if n 6= 2. Furthermore, Aut(P1[2]) ∼= S2 ⋉ (PGL(2) × PGL(2)).
Proof. Since P1[1] ∼= P1 the statement is trivial for n = 1. If n = 2 it follows from Lemma
4.8. Now, let us consider the case n ≥ 3. As usual we take an automorphism φ ∈ Aut(P1[n]),
and for any i ∈ {1, ..., n} we consider the composition evi ◦ φ
−1. By Proposition 2.13 the
morphism evi ◦ φ
−1 factors either through an evaluation map evji or through a forgetful
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morphism πi1,...,in−4 ◦ ρ of type (2.5).
Let us assume that evi ◦ φ
−1 factors through πi1,...,in−4 ◦ ρ. Then we have the following
commutative diagram
P1[n] P1[n]
M0,4 ∼= P1 P1
φ−1
φ
evipii1,...,in−4◦ρ
Now, let p ∈ M0,4 be the point corresponding to the isomorphism class of a curve [C =
C1 ∪ C2, (x1, ..., x4)], where C1, C2 are smooth rational curves intersecting in one node,
x1, x2 ∈ C1 and x3, x4 ∈ C2. Then π
−1
i1,...,in−4
(p) is the union of
∑n−4
k=0
(
n−4
k
)
irreducible
boundary divisors each one determined by a subset of {i1, ..., in−4} labeling the marked
points on C1. On the other hand, the general fiber of πi1,...,in−4 ◦ ρ is irreducible. Now,
to get a contradiction it is enough to recall that by Lemma 1.6 all the fibers of evi are
isomorphic.
Therefore evi ◦ φ
−1 must factor through another evaluation map evji , and this yields a
surjective morphism of groups
χn : Aut(P1[n]) −→ Sn
φ 7−→ σφ
where σφ(i) = ji. Since evi ◦ φ
−1 = φi ◦ evji with φi ∈ PGL(2), we have that
(ev1 × ...× evn) ◦ φ
−1 = (φ1 × ...× φn) ◦ (evσ(1) × ...× evσ(n))
and the commutative diagram
P1[n] P1[n]
(P1)n (P1)n
φ−1
evσ(1)×...×evσ(n) ev1×...×evn
φ1×...×φn
Note that by Proposition 1.3 both ev1 × ... × evn and evσ(1) × ... × evσ(n) are blow-ups of
the diagonals on (P1)n in order of increasing dimension. Arguing exactly as in the proof
of Proposition 4.10 we see that φ1 × ... × φn ∈ Aut((P
1)n) must preserve the diagonal
∆1,...,n ∼= P1, and therefore it yields an automorphism µφ ∈ PGL(2). This induces a
morphism of groups
χn : Aut(P
1[n]) −→ Sn × PGL(2)
φ 7−→ (σφ, µφ)
which, by Section 4.0 is surjective. Now assume that χn(φ) is the identity. Then arguing as in
the proof of Proposition 4.10 we have that φ−1 stabilizes the general fiber of ev1× ...× evn.
On the other hand ev1 × ... × evn is birational and hence φ
−1 restricts to the identity
on an open subset of P1[n]. To conclude it is enough to observe that Remark 4.5 forces
φ−1 = φ = IdP1[n]. 
With similar arguments we can attack the automorphism group of M0,n(PN , 1). Note
that since the degree of the map is one there is a natural PGL(2) action on M0,n(PN , 1).
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Let [C, (x1, ..., xn), α] ∈M0,n(PN , 1) be a point, and let ν ∈ PGL(2).
There exists a unique component of C, say C1, on which α has degree one. We consider the
stable map [Γ, (y1, ..., yn), α] ∈M0,n(PN , 1) obtained by acting with ν on C1, and with the
identity on the remaining components of C.
More precisely, let p = C ∩ C \ C1, and let xi1 , ..., xik be the marked points lying on C1.
We consider the pointed curve (C1, (ν(xi1), ..., ν(xik )) and we attach to it a copy of C \ C1
at ν(p). Letting the map α unvaried this gives us the stable map [Γ, (y1, ..., yn), α], and
therefore an action
(4.12) PGL(2)×M0,n(PN , 1) −→ M0,n(PN , 1)
which is trivial when n = 0, and coincides with (4.2) when N = 1. Indeed, when n = 0 we
have M0,0(PN , 1) ∼= G(1, N), the Grassmannian of lines in PN , and [Cow89, Theorem 1.1]
yields Auto(G(1, N)) ∼= PGL(N + 1).
Furthermore, if n = 2 we may define an action of PGL(2)×PGL(2) onM0,2(PN , 1). Indeed,
given (ν1, ν2) ∈ PGL(2)×PGL(2) we can map a general point [P1, (x1, x2), α] ∈M 0,2(PN , 1)
to [P1, (ν1(x1), ν2(x2)), α]. Note that a boundary point inM0,2(PN , 1) necessarily represents
a stable map of the form [C1 ∪ C2, (x1, x2), α], where x1, x2 ∈ C2 and α has degree one on
C1. Now, we consider the curve C1 with x1 and x2 collapsed in a point x = x1 = x2.
If ν1(x) 6= ν2(x) then the image of [C1 ∪ C2, (x1, x2), α] will be [C1, (ν1(x), ν2(x)), α]. If
ν1(x) = ν2(x) then the image will be [C1 ∪ C2, (y1, y2), α] where C2 is a smooth rational
curve with two marked points attached to C1 at the point ν1(x) = ν2(x). Finally, if we have
a stable map of the type [P1, (x1, x2), α], and ν1(x1) = ν2(x2) then we map such a stable
map to [C1 ∪C2, (y1, y2), α], where y1, y2 ∈ C2 and C2 is attached to C1 at ν1(x1) = ν2(x2).
In this way we get a well-defined regular action
(4.13) (PGL(2) × PGL(2)) ×M0,2(PN , 1) −→ M0,2(PN , 1)
which coincides with the action in Theorem 4.11 when N = 1.
Proposition 4.14. If N ≥ 2 and n ≥ 1 then the connected component of the identity of the
automorphism group of M0,n(PN , 1) is given by
Auto(M 0,n(PN , 1)) ∼= PGL(2)× PGL(N + 1)
for any n 6= 2. Furthermore, Auto(M 0,2(PN , 1)) ∼= PGL(2)× PGL(2) × PGL(N + 1).
Proof. Let us consider the forgetful morphism π : M0,n(PN , 1) → M0,0(PN , 1) ∼= G(1, N),
where G(1, N) is the Grassmannian of lines in PN . By [Cow89, Theorem 1.1] we have
Auto(G(1, N)) ∼= PGL(N + 1), and Theorem 4.4 yields a surjective morphism of groups
χ : Auto(M0,n(PN , 1)) −→ PGL(N + 1)
φ 7−→ φ
Note that π : M0,n(PN , 1) → M0,0(PN , 1) ∼= G(1, N) is a fibration with the Fulton-
MacPherson compactification P1[n] as the fiber.
Now, if χ(φ) is the identity then φ induces an automorphism of the fiber π−1([C,α]) ∼= P1[n]
lying in Auto(P1[n]). By Theorem 4.11 we have that Auto(P1[n]) ∼= PGL(2) if n 6= 2, and
Auto(P1[2]) ∼= PGL(2) × PGL(2). Note that in any case Auto(P1[n]) may be embedded
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in Auto(M 0,n(PN , 1)) via the actions (4.12) and (4.13) in the cases n 6= 2 and n = 2
respectively. Therefore, in any case we get an exact sequence
0 7→ Auto(P1[n])→ Auto(M 0,n(PN , 1))→ PGL(N + 1) 7→ 0
To conclude, it is enough to observe that by (4.2) the sequence above splits, and that the
action (4.2) commutes with both the actions (4.12) and (4.13). 
4.14.2. Automorphisms of C[n] and Mg,n. We can extend the main ideas in the computation
of Aut(P1[n]) to C[n] where C is a smooth curve of genus g(C) ≥ 2.
Proposition 4.15. Let X be a smooth projective variety with nef canonical divisor, and
let Aut∆(X
n) ⊆ Aut(Xn) be the subgroup of automorphisms stabilizing the union of all
the diagonals of codimension greater than one in Xn. Then we have an isomorphism
Aut(X[n]) ∼= Aut∆(X
n).
In particular, if X ∼= C is a curve of genus g(C) ≥ 2 then
Aut(C[n]) ∼= Sn ×Aut(C)
if n 6= 2, and Aut(C[2]) ∼= S2 ⋉ (Aut(C)×Aut(C)).
Proof. The case dim(X) = 1 and n = 2 is in Lemma 4.8. Let gn : X[n] → X
n be the
blow-up morphism in Proposition 1.3. For any S = {i1, ..., is} ⊂ {1, ..., n} we denote by
∆S = {(x1, ..., xn) ∈ X
n | xi1 = ... = xis} the corresponding diagonal, and by ES ⊂ X[n]
the exceptional divisor over ∆S. If dim(X) ≥ 2 then the canonical divisor of X[n] is given
by
KX[n] = g
∗
nKXn +
∑
2≤|S|≤n
((s− 1) dim(X)− 1)ES .
When dim(X) = 1 and n ≥ 3 the sum must be taken on the subsets S such that 3 ≤ |S| ≤ n.
However, this will not be relevant in our argument.
Let φ ∈ Aut(X[n]) be an automorphism, and let us assume that the exceptional divisor ES
is not mapped to an exceptional divisor of gn via φ. Let C be a general rational curve in ES
contracted by gn, then φ(C) can not be contained in any exceptional divisor of gn otherwise
φ(ES) would be contained in such an exceptional divisor as well. This yields
(
∑
2≤|S|≤n
((s − 1) dim(X)− 1)ES) · φ(C) ≥ 0
Furthermore, since KXn is nef we have g
∗
nKXn · φ(C) = KXn · gn∗φ(C) ≥ 0, and hence
KX[n] · φ(C) ≥ 0.
On the other hand, since φ is an automorphism we have
KX[n] · φ(C) = φ
∗KX[n] · C = KX[n] · C
and since g∗nKXn · C = 0 we get
KX[n] · C =
∑
2≤|S|≤n
((s − 1) dim(X)− 1)ES · C < 0
A contradiction. Therefore, φ|ES defines an isomorphism between ES and an exceptional
divisor ES′ . Let us consider the restrictions of the blow-up morphism gn|ES : ES → ∆S,
and gn|E
S
′
: ES′ → ∆S′ .
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Now, let y ∈ ∆S′ be a general point, and q ∈ g
−1
n|E
S
′
(y) a general point in the fiber Fq of
gn|E
S
′
over y. Let Fp be the fiber of gn|ES through p = φ
−1(q). Consider a rational curve
C ⊆ Fp passing through p, then φ(C) passes through q ∈ Fq. Assume that φ(C) * Fq. Then
gn(φ(C)) ⊂ ∆S′ is a rational curve through y ∈ ∆S′ . This means that ∆S′ is uniruled. On
the other hand ∆S′
∼= Xn−|S
′
|+1, and by hypothesis KX is nef. A contradiction.
We conclude that φ|ES : ES → ES′ maps isomorphically fibers of gn|ES to fibers of gn|ES′
.
In particular |S| = |S
′
|. Hence φ induces an automorphism φ fitting in the following
commutative diagram
X[n] X[n]
Xn Xn
φ
φ
gngn
and furthermore φ maps isomorphically any diagonal ∆S to a diagonal of the same dimen-
sion, that is φ ∈ Aut∆(X
n). This yields a morphism of groups
Aut(X[n]) −→ Aut∆(X
n)
φ 7−→ φ
which clearly is an isomorphism. Finally, if X ∼= C is a curve of genus g(C) ≥ 2 and n 6= 2
the statement follows from Lemma 4.8. 
Remark 4.16. Proposition 4.15 does not hold if C has genus one. For instance, the group
GL(2,Z) of matrices with integer entries and determinant plus or minus one acts on C ×C
via
GL(2,Z) × (C × C) −→ C × C((
a1,1 a1,2
a2,1 a2,2
)
, (x1, x2)
)
7−→ (a1,1x1 · a1,2x2, a2,1x1 · a2,2x2)
where x · y, with x, y ∈ C, stands for the multiplication of the group law on C.
Now let X = C1 × ... × Cr be a product of curves. As in Lemma 4.8 we denote by
[Cr1 ], ..., [Crk ] the isomorphism classes of curves in {C1, ..., Cr}, where ri is the number of
curves of class [Cri ]. Let us consider the product X
n, and let (xj1, ..., x
j
r) be the coordinates
on the j-th copy of X, so that a point in Xn is given by (xji ) with i = 1, ..., r, j = 1, ..., n.
We take into account the three following group actions on Xn:
(4.17)
(Sr1 × ...× Srk)×X
n −→ Xn
(σ, (xji )) 7−→ ((x
1
σ(1), ..., x
1
σ(r)), ..., (x
n
σ(1) , ..., x
n
σ(r)))
where σ must be interpreted as a permutation σ ∈ Sr1 × ...× Srk ⊆ Sr.
(4.18)
Srn ×X
n −→ Xn
(σ1, ..., σr, (x
j
i )) 7−→ ((x
σ1(1)
1 , ..., x
σr(1)
r ), ..., (x
σ1(n)
1 , ..., x
σr(n)
r ))
(4.19)
⊕n
i=1Aut(Ci)×X
n −→ Xn
(α1, ..., αr, (x
j
i )) 7−→ ((α1(x
1
1), ..., αr(x
1
r)), ..., (α1(x
n
1 ), ..., αr(x
n
r )))
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Proposition 4.20. Let X = C1 × ... × Cr be a product of curves with g(Ci) ≥ 2 for any
i = 1, ..., r, and let [Cr1 ], ..., [Crk ] be the isomorphism classes of curves in {C1, ..., Cr}, where
ri is the number of curves of class [Cri ]. If n 6= 2 then
Aut(X[n]) ∼= Sn × ((Sr1 ⋉Aut(Cr1)
r1)× ...× (Srk ⋉Aut(Crk)
rk)) ∼= Sn ×Aut(X)
while if n = 2 and r ≥ 2 we have
Aut(X[2]) ∼= Sr2 ⋉ ((Sr1 ⋉Aut(Cr1)
r1)× ...× (Srk ⋉Aut(Crk)
rk)) ∼= Sr2 ⋉Aut(X)
Finally, if n = 2 and r = 1 then X = C1, and Aut(C1[2]) ∼= S2 ⋉ (Aut(C1)×Aut(C1)).
Proof. The case n = 2, r = 1 is just the last part of Proposition 4.15. Now, by Proposition
4.15 we may identify Aut(X[n]) with the subgroup Aut∆(X
n) ⊆ Aut(Xn) of automorphisms
stabilizing the union of all the diagonals of codimension greater than one in Xn.
Note that Xn is just a product of curves, and by Lemma 4.8 we know the structure of
its automorphism group. The actions (4.17) and (4.19) yield an injective morphism i :
(Sr1 ⋉ Aut(Cr1)
r1) × ... × (Srk ⋉ Aut(Crk)
rk) →֒ Aut∆(X
n). Now, by Lemma 4.8 coker(i)
is forced to be a subgroup of the group Srn in (4.18).
If n = 2, r ≥ 2. Then any automorphism in (4.18) preserves the diagonal ∆1,2, that is
coker(i) ∼= Sr2 . To conclude it is enough to observe that (4.18) induces a section S
r
2 →
Aut∆(X
n).
If n 6= 2 then (σ1, ..., σr) preserves the union of all the diagonals ∆ ⊂ X
n if and only if
σ1 = ... = σr. This yields that coker(i) ∼= Sn is given by the diagonal action of Sn in
(4.18). Again we have a section Sn → Aut∆(X
n), and to conclude it is enough to observe
the actions of Sn and (Sr1 ⋉Aut(Cr1)
r1)× ...× (Srk ⋉Aut(Crk)
rk) commute. 
Let Mg,n be the Deligne-Mumford compactification of the moduli spaceMg,n parametriz-
ing smooth genus g curves with n marked points. Thanks to Proposition 4.15 we can provide
a simple proof of the main theorem on Aut(Mg,n) in [Mas14] when g ≥ 3.
Corollary 4.21. If g ≥ 3 then Aut(Mg,n) ∼= Sn for any n ≥ 1.
Proof. Let φ ∈ Aut(Mg,n) be an automorphism. By [GKM02, Theorem 0.9] for any forgetful
morphism πi : M g,n → Mg,n−1 the composition πi ◦ φ
−1 : Mg,n → Mg,n−1 factors though
a forgetful morphism πσ(i) : M g,n →Mg,n−1. Therefore, we get the following commutative
diagram
M g,n M g,n
M g M g
φ−1
piσφ(1)
×...×piσφ(n) pi1×...×pin
φ
and the surjective morphism of groups
χ : Aut(Mg,n) −→ Sn
φ 7−→ σφ
Let [C] ∈ Mg be a general point, and let [Γ] = φ([C]). Note that since both C and
Γ have a trivial automorphism group, the fibers of πσφ(1) × ... × πσφ(n) over [C] and of
π1 × ... × πn over [Γ] are nothing but the Fulton-MacPherson compactifications C[n] and
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Γ[n] respectively. Therefore, φ−1 induces an isomorphism between C[n] and Γ[n], and this
yields C ∼= Γ, and φ = IdMg . Now, if χ(σ) is the trivial permutation then φ restricts to an
automorphism of the general fiber C[n] of π1 × ...× πn.
By Proposition 4.15 φ|C[n] acts as a combination of a permutation and an automorphism of
C. On the other hand, since φ ∈ ker(χ) the permutation must be trivial, and since C is a
general curve of genus g ≥ 3 then Aut(C) is trivial as well.
This means that φ restricts to the identity on the general fiber of π1× ....×πn. To conclude
it is enough to recall Remark 4.5. 
4.21. Kontsevich spaces parametrizing rational normal curves. Let us consider the
Kontsevich space M0,n+3(Pn, n) parametrizing degree n rational normal curves in Pn. It is
well known that through n+3 general points in Pn there is a unique rational normal curve
of degree n, that is the evaluation morphism
ev := ev1 × ...× evn+3 : M0,n+3(Pn, n)→ (Pn)n+3
is birational. Therefore, we may adapt the argument in the proof of Proposition 4.10 to
prove that the connected component of the identity of Aut(M0,n+3(Pn, n)) is isomorphic to
PGL(n + 1). However, a little improvement is at hand if we take into account Kapranov’s
construction of the moduli space of Deligne-Mumford stable n-pointed rational curvesM0,n.
Thanks to [Kap93, Theorem 0.1] we may consider M0,n+2(Pn, n) instead of M0,n+3(Pn, n)
in order to prove the following result.
Proposition 4.22. For any n ≥ 3 and k ≥ n+2 we have Auto(M 0,k(Pn, n)) ∼= PGL(n+1).
Proof. By Theorem [Kap93, Theorem 0.1] the morphism
ρ× ev1 × ...× evn+2 :M0,n+2(Pn, n)→M0,n+2 × (Pn)n
is an isomorphism on the open subset of (Pn)n parametrizing points in linear general posi-
tion, and the projection on (Pn)n
M0,n+2(Pn, n) M0,n+2 × (Pn)n
(Pn)n
ρ×ev1×...×evn+2
pi2
pi
gives a fibration π of M0,n+2(Pn, n) whose general fiber is isomorphic to M0,n+2. Since
ρ × ev1 × ... × evn+2 is birational, and π2 is a morphism with connected fibers between
smooth varieties we have π∗OM0,n+2(Pn,n)
∼= O(Pn)n . Therefore, we may apply Theorem 4.4
with G = Auto(M0,n+2(Pn, n)) and f = π. For any φ ∈ Auto(M0,n+2(Pn, n)) this yields an
automorphism φ ∈ Auto((Pn)n)) such that the diagram
M0,n+2(Pn, n) M0,n+2(Pn, n)
(Pn)n (Pn)n
φ
φ
pipi
is commutative. Now, note that for any (p1, ..., pn) ∈ (Pn)n there is a dense open subset
of the fiber Fp1,...,pn = π
−1(p1, ..., pn) parametrizing rational normal curves in Pn through
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p1, ..., pn. Let x = (x, ..., x) ∈ (Pn)n be a point in the small diagonal ∆1,...,n ∼= Pn, and let
Fx = π
−1(x). Note that y ∈ (Pn)n \∆1,...,n forces dim(Fy) < dim(Fx), where Fy = π−1(y).
Therefore, φ restricts to an automorphism of ∆1,...,n ∼= Pn, and we get a morphism of groups
χ : Auto(M 0,n+2(Pn, n)) −→ PGL(n + 1)
φ 7−→ φ
Furthermore, by Section 4.0 χ is surjective. Finally we prove that χ is also injective. If
φ = χ(φ) = IdPn then φ restricts to an automorphism of the general fiber of π. We
know that such a general fiber is isomorphic to M0,n+2. Now, by [BM13, Theorem 3] the
automorphism group of M0,n+2 is isomorphic to the symmetric group Sn+2 for any n ≥ 3.
This means that φ restricts to a permutation in Sn+2 on the general fiber of π, and since φ
is in the connected component of the identity it must restrict to the trivial permutation on
such a general fiber. Again to conclude it is enough to recall Remark 4.5. Finally, since n ≥ 3
we have n + 2 ≥ 5 and by Lemma 4.6 we conclude that Auto(M 0,k(Pn, n)) ∼= PGL(n + 1)
for k ≥ n+ 2. 
In the following we relate the automorphisms of the coarse moduli space M0,n(PN , d)
with those of the stack M0,n(PN , d).
Corollary 4.23. For any n ≥ 3 and k ≥ n+2 we have Auto(M0,k(Pn, n)) ∼= PGL(n+1).
Proof. Since M0,k(Pn, n) is a smooth Deligne-Mumford stack with trivial general stabilizer
it is enough to apply Proposition 4.22 and [FM17, Proposition 1.7]. 
4.23. A conjecture on the automorphism group of X[n]. From Proposition 1.3 it is
clear that the diagonal action of Sn × Aut(X) on X
n lifts to the Fulton-MacPherson com-
pactification X[n]. It is natural to ask whether this action gives the full automorphism
group of X[n].
By Proposition 4.15 when KX is nef we may hope to control the automorphisms of X[n].
On the other hand, Remark 4.16 shows that when X is abelian we should expect the auto-
morphisms of X[n] to behave less nicely from our point of view.
Furthermore, by [HMX13] if X is of general type then its group of birational automor-
phisms Bir(X) and a fortiori Aut(X) are finite. Therefore, we may expect the subgroup
Aut∆(X
n) ⊆ Aut(Xn) in Proposition 4.15 of automorphisms stabilizing the union of all the
diagonals of codimension greater than one in Xn to be just Sn ×Aut(X). This leads us to
the following conjecture.
Conjecture 4.24. Let X be a smooth projective variety of general type. If n 6= 2 then
Aut(X[n]) ∼= Sn ×Aut(X)
Note that when X = C is a curve this is just Proposition 4.15, and more generally when
X = C1 × ... × Cr is a product of curves with g(Ci) ≥ 2 for any i this is Proposition 4.20.
On the other hand, the second part of Proposition 4.20 tells us that additional symmetries
are allowed when n = 2.
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